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The spectral function Q(t) = ET=, exp( - tl,), where {i, },% , are the eigenvalues 
of the Laplace operator d = xf=, (a/ax’)’ m the x1x*-plane, is studied for a general 
convex domain together with an impedance condition on a part of its boundary 
and another impedance condition on the remaining part of that boundary. a> 1989 
Academic Press, Inc. 
1, INTRODUCTION 
Let DE R2 be a simply connected bounded domain with a smooth 
boundary aD. Consider the impedance problem 
(A +A)u=o in D, (1.1) 
( > 
-$+y u=o on aD, (1.2) 
where d/an denotes differentiation along the inward-pointing normal to dD, 
y is a positive constant, and u E C*(O) n C(B). 
Denote the eigenvalues of problem (1.1 ), (1.2) counted according to 
multiplicity by an increasing sequence 
o<ri,<l,,(A3< ... ea.,< ... --too as j-+ co. (1.3) 
Sleeman and Zayed [S] have recently discussed the problem of deter- 
mining the geometry of D as well as the impedance y from the asymptotic 
expansion of the trace function 
o(t) = tr[exp( -At)] = g exp( --A,) 
j= I 
(1.4) 
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for small positive t. They have shown that, if 0 < y 4 1 (i.e., y JO), 
and if y 9 1 (i.e., y t co), 
@(+JL uaDl +*~~-1:+!+O(y-ltl,2) 
4nt 8(7c~t)“~ 6 
as t-+0, (1.6) 
where (1.5) and (1.6) hold simultaneously when y JO and y 1 co, 
respectively. 
Pleijel [3] has investigated problem (1.1) (1.2) in the special cases y = 0 
(Neumann problem) and y = co (Dirichlet problem) by the use of 
Fredholm integral equations and has shown that, in the case of a Neumann 
problem, 
O(t) = JDI+ laDI -++() 
4nt 8(71t)“~ 
(k(O))2 da + O(r) as t -+ 0, (1.7) 
while in the case of a Dirichlet problem, 
.(,)=!!L laD( +a 
4nt 8(~t)“~ ’ 
*l/2 
-~ s 25611’~~ ao 
(k(a))* da + O(t) as t -0. (1.8) 
In these formulae, IO\ is the area of II, jaD\ is the total length of aB, and 
k(a) is the curvature of aD. The constant term a, has geometric 
significance ; e.g., if D is smooth and convex, then a,= a, and if D is 
permitted to have a finite number “h” of smooth convex holes, then 
ao=(l-h)& 
We note that formulae (1.5) and (1.6) are in agreement with (1.7) and 
(1.8) if y = 0 and y = cc, respectively. 
Kac [Z] has investigated problem (1.1 ), (1.2) in the case of y = cc and 
has obtained the first three terms of o(t) for t + 0. The analysis of Kac 
is based on Green’s function for the heat equation. Stewartson and 
Waechter [4] also has discussed the problem when y = co. 
Furthermore, it has been shown by Gottlieb [1] that, if L, is the length 
of a part of the boundary aD with Neumann boundary condition and L, 
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is the length of the remaining part of I’D with Dirichlet boundary condi- 
tion, then 
@(t)=(Dl+L~-L~+a +O(p/2) 
4rct 8(7ct)“2 O 
as t -0. (1.9) 
The object of this paper is to discuss the following problem: 
Suppose that the eigenvalues (1.3) are known exactly for Eq. (l.l), 
together with the impedance boundary conditions 
( 1 $+y, u=Oonr,, ( ) $+y, u=Oonf,, (1.10) I 2 
where a/&z, and a/&, denote differentiations along the inward-pointing 
normals to r, and r,, respectively, in which ri is a part of the boundary 
dD of the domain D and r2 is the remaining part of dD, while y, and y2 
are positive constants. 
The basic problem is that of determining the geometry of D and the 
impedances yi and y2. Note that our objective Problem (1.1 ), ( 1.10) can be 
considered as generalization of problem (1.1 ), (1.2). We shall discuss 
the above problem when yi and y2 satisfy the following conditions : 
(l)Y,,Y,lo; (2)YllO~ Y2ta; u)Y,tabY*lo; (4)Y,YY2fCO. 
2. STATEMENT OF RESULTS 
In this section we give the results of our basic problem ( 1.1 ), ( 1. lo), 
which will be constructed in Section 6 for the following cases: 
Case 1. If 0 < yI, y2 % 1 (i.e., yl, y2 IO), 
+ U(y, ti’2) + O(y,t”2), (2.1) 
which is valid for small positive t and for both yi , yZ JO. In this formula L, 
is the length of ri and L, is the length of r2. 
The asymptotic expansion (2.1) may be interpreted as : 
(i) D is a convex domain and we have to impedance boundary 
conditions (1.10) with the impadances y,, y2 J. 0, or 
(ii) D is a convex domain with h = (3/n)(y, L, + y2L2) holes and has 
area IDI and its boundary has length ldD/ = L, + L, with Neumann 
boundary condition, provided (3/7c)(y, L, + y2L,) is an integer. 
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Case 2. IfO<y,<l, y2Bl (i.e., yllO, yzfoo) 
+ O(y, t”*) + o(y,‘t”*), (2.2) 
which is valid for small positive t and for y1 J 0 and yz 1 co 
The asymptotic expansion (2.2) may be interpreted as 
(i) D is a convex domain and we have the impedance boundary 
conditions (1.10) with the impedance y1 JO and the impedance y2 t co, or 
(ii) D is a convex domain with h = 3y, L1/n holes and has area 
ID/ and a part of its boundary has length L, with Neumann boundary 
condition and the remaining part of the boundary has length 
{L*+Yzl Jr*WW) with Dirichlet boundary condition, provided 
3y, L1/n is an integer. 
Case 3. If y1 9 1, 0 < y2 6 1 (i.e., y1 t 00, ~~10). This case can be 
deduced from the previous one with the interchanges y 1 c-) y2, rr CI f,, 
L, ++ L,, and yields 
IDI L,-(L,+~;‘~r,~(44 
@W=&f 8(m)“* 
+ O(y;‘P) + o(y*f”*), (2.3) 
which is valid for small positive t and for y1 7 cc and y2 JO. 
Case 4. Ify,,y,%l (i.e., yl,yzfco) 
+ O(y;P) + O(y,‘P), (2.4) 
which is valid for small positive t and for both yl, y2 t cc. 
The asymptotic expansion (2.4) may be interpreted as 
(i) D is a convex domain and we have the impedance boundary 
conditions (1.10) with the impedances yl, y2 7 co, or 
(ii) D is a convex domain with no holes .(h = 0) and has area JDI and 
its boundary has length { li?Dl + y;’ lr, k(o) da + y;’ fr, k(s) da} with 
Dirichlet boundary condition. 
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3. FORMULATION OF THE MATHEMATICAL PROBLEM 
Following the method of Kac [2] and following closely the procedure of 
Section 1 in [S], it is easy to show that the trace function o(r) is given by 
t?(t) = ji, G(x, x; t) dx, (3.1) 
where G(x, , x2 ; t) is Green’s function for the heat equation 
(3.2) 
subject to the impedance boundary conditions 
G(x,, x2; t)=O for x,Er,, 
(3.3) 
for x,ET, 
and the initial condition 
lim G(x,,x,;?)=~(x,-x2), (3.4) 
1-O 
where 6(x, - x2) is the Dirac delta function located at the source point x2. 
Let us write 
G(xt, x2; t)=Go(xt, x2; t)+~(xt, x,;t), (3.5) 
where 
is the “fundamental solution” of the heat equation (3.2), while x(x1, x,; t) 
is the “regular solution” chosen so that G(x,, x2; t) satisfies the impedance 
conditions (3.3). 
On setting x1 =x2 =x we find that 
S(t)=Iol,K(t) 
4rtt ’ 
where 
K(z) = jjD x(x, x; t) dx. 
(3.7) 
(3.8) 
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The problem now is to determine the asymptotic expansion of K(t) for 
small positive t. In what follows we shall use the Laplace transform with 
respect to t and use s2 as the Laplace transform parameter; thus 
G(x,, x~;s~)=~-~= P2’G(x,, x2; t)dt. (3.9) 
An application of the Laplace transform to the heat equation (3.2) shows 
that G(x,, x,; s2) satisfies the membrane equation 
(d-s2)qx*,xz;s2)= -6(x,-x,) in D, (3.10) 
together with the impedance boundary conditions 
a ( 1 c+y, G(x,, x,;s2)=0 for x,E~, I 
and (3.11) 
a 
( ) -g+y2 qx,, x,;s2)=0 for x,Er2. 2 
The asymptotic expansion of K(t), for small positive t, may then be 
deduced directly from the asymptotic expansion of @;(s2), for large positive 
s, where 
K(s’) = jjD x(x, x; s2) dx. (3.12) 
4. CONSTRUCTION OF GREEN'S FUNCTION 
Suppose that the boundary aD of D is given by the equations xi = y’(o), 
i = 1,2, in which D is the arc length of the counterclockwise-oriented 
boundary and y’(o) E P(aD). 
Let L, be the length of the part rr of the boundary aD, and L2 be the 
length of the remaining part r2 of aD so that L1 + L, = laD[ is the total 
length of aD. Let n, (or n2) be the minimum distance from a point 
x= (x1, x2) of D to r, (or I-,), respectively. Letter n, (or n2) denotes the 
inward-drawn unit normal to rl (or r,), respectively. Equation (3.10) has 
the fundamental solution Go(xl, x,; s2) = (1/2n) &(sT,,,~), where rXIXz = 
Ix1 -x21 is the distance between the points x1 = (xi, XT) and x2 = (xi, x:) 
of the domain D and K, is the modified Bessel function of the second kind 
and of zero order. The existence of this solution enables us to construct 
integral equations for the Laplace transform of Green’s function satisfying 
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the impedance boundary conditions (3.11) for small/large impedances 7, 
and yl. Therefore, Green’s theorem gives 
Case I. (0 < ;‘, , y2 G 1). 
1 ,. -- J G(x,, y; ~‘1 $- &(sr,,J + y2KAsryx2) (iv. (4.1) 
x r2 !; 2Y 1 
Case 2. (O<y,dl,y,91). 
e,, x2;sZ) 
+~jr2&G(x,.w * 1 Kdsr,,,) + Y;’ $- K,(s,.,.;!j 4. 2Y 
(4.2) 
Case 3. (y, + 1, 0 < y2 -+ I). In this case the Green’s function 
G*(x,, x,; s’) has the same form as (4.2) with the interchanges yl *--f y2, 
r”1c+r2, and n, c-, n2. 
Ca.se 4. (yL, pz5> 1). 
w,, x2; f2) 
To find Green’s function G(x,, x2 ; x2) let us solve the integral equations 
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(4.1k(4.3) by iteration. To this end we look at the four cases considered 
above. 
Case 1. (0 < y,, y2 + 1). In this case we rewrite (4.1) in the equivalent 
form 
where 
and 
(4.4) 
(4.5) 
The expression (4.4) may be substituted for G on the right to obtain 
c=f +t(K,,of +KYZof) 
+~*[KI:‘~G+K,,o(K~~oG)+K,,~(K~,~G)+K~:’~G], (4.6) 
where 
and 
are functions of the variables y’ and y. 
A second substitution of (4.4) into (4.6) yields 
+5’CK;:‘of +KYIo(KY20f)+KY20(KY,0f)+K~:)Of] 
+53[K::)oG+K::)~(KY2~G)+K,,~{KY2~(KY1’~G)} 
+ K,, 0 (K$ G) + KY,0 (K ~:‘~G)+K,,~{K,,~(K,,~~)} 
+ K;:‘o (K,, 0 G) + Kz’o G]. (4.7) 
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Repetition of these steps leads us inductively to suspect that, when it 
converges, the Neumann series 
+52[K~,~)~f+KY,0(K;.2~f)+K72~(KY,~J‘)+KI;:)~fl 
+53[Kj,:‘of+Kj,:)~(K;,23f)+K./,~{KY2@(K~,0S)} 
+K,,~(Kj.:‘~f)+K,,~(K~:‘~f)+K,,~{K.,,~(K,,~f)} 
+K~,~‘~(K,,~f)+K~,~‘~f]+ ... +nthterm+ ... (4.8) 
should provide a solution of the integral equation (4.1). 
Note that, if the nth term of the series (4.8) is carried out, then we see 
that this term should contain the “iterated kernels” KE’(y’, y) and 
KK’(y’, y) defined by 
K:'(Y',  I=jr, . .. jr, K.,,(Y’, YI) K,,(Y,, ~2) ...KJY~, ) dy, ...dy, 
and (4.9) 
K::‘(Y’,Y)=~~~~..~~~K~,(~‘,Y,)K,.,(Y,,Y~)’.~K.~~(Y~,Y)~Y~~..~Y~. 
From (4.5) and (4.8) we obtain Green’s function G(xr, x,; s*), which has 
a regular part of the form 
1 
X(x,, x2;s2)= -3 I r, $ fGd~r,,J f YI K&ry,, 
lY 
I}& 
1 -- 
I 271* I-2 & K&ryxJ i- ~2Kcd~~Yx~) *Y 
+ $ jr jr Ko(~~,,~) M,,(Y> Y’) 
L I 
x -& fG(~r,~,,) + Y I K&r dy 4,’ 
lY’ 
+ & j, 5, Ko(s~,,~) M,,(Y, Y’) 
2 2 
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(4.10) 
where 
M,,(y,Y’)= f (-1)“q:)(Y’, YL (4.11) 
V=O 
M,,(y, Y’) = f ( - 1 )“q;‘(Y’, Yh (4.12) 
v = 0 
JqY’> Y) =; &(~ryf) + Yl K3(+) 7 (4.13) 
and 
&JY’> Y) = i 
I 
j+ &(qy4 + YJo(sryy’) . 
2Y 1 
(4.14) 
In the same way, we deduce after some reduction that 
Case 2. (0 < y, 41, yz $1). In this case the integral equation (4.2) gives 
X(x,, x2; s2) 
x 
i 
~o(qx,) + Yi l$ U~r,~,J 
1 
4' dy' 
2Y’ 
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x -$ ~o(sry~x2) + rJo(sr,.,,) dy’ [ ‘Y’ 1 
1 -- 
j [, 22 r2 
a ~o(sr,,,) M,,(YY Y') dy 
r,a4y 1 
x ~o(~ry~,,) + Y2’ & KoWyrxJ dy’, 1 (4.15) 2Y’ 
where 
M,;I(y, y’) = f qvY’, Y), (4.16) 
v=o 
L&(Y, y’) = f *q$(Y’, Y), (4.17) 
v=o 
1 ~2~o(sryy~l 
KO(sryy’)+YT an an ’ (4.18) 
2Y 2Y’ 
and 
(4.19) 
Case 3. (yl $1, O<y, G 1). In this case x(x,, x2; s2) has the same 
forms (4.15k(4.19) with the interchanges y1 - y2, I’1 t* r,, and n, c+ n2. 
Case 4. (yl, y2$- 1). In this case the integral equation (4.3) gives 
X(x,, x2; s2) 
1 
+2nZ IS 
2- K,(sr,,,) M,;l(Y, Y’) 
l-2 r-2 an,, 
x 
{ 
Ko(sry,,) + r;’ $ ~oWy~,,) dy dy’ 
2Y’ 
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x 
[ 
Ko(Jr,bJ + Y r’ -$ Ko(+,,) dy’ 
‘Y’ 1 
+$I J iJt r2 r $ Kobr,,,) M;;~(Y, Y’) dy 1-V 1 
~o(~r,~,J + Y2’ $ Kobr,,,,) dy’  
2Y' 1 
where 
M,:-l(y, y’) = f *K$qY’, Y), (4.21) 
V=O 
a2Ko(sryy4 
~oWyy4+K1 an an . (4.22) 
‘Y 2Y' 
In these formulae M,;l(y, y’) and M,*;l(y, y’) have the same forms as 
Myll(y, y’) and M;;l(y, y’), respectively with the interchanges y, +-+ y2 and 
n, t) n2. 
On the basis of (4.10), (4.15), and (4.20) the functions x(x,, x,; s’) will 
be estimated for large values of s, together with one of the following cases: 
(1) O<Y,, Yz4 1, 
(2) O<Y, e 1, Y,Q 1, 
(3) Yl b 1, O<Y,4 1, 
(4) Yl, Y2% 1. 
The case when xi and x2 lie in the neighborhood of ri (or r,) is 
particularly interesting. For this case we need the following coordinates. 
5. COORDINATES IN THE NEIGHBOURHOOD OF r, (OR r,) 
Let h, (or h2) > 0 be sufliciently small. Then 5’ = cr, t2 = n, (or t1 = c, 
c2 = n2) can be taken as new coordinates in the strip along r1 (or r,), 
respectively, where 0 < n, < h, (or 0 < n, d h2). If c1 and t2 are plotted in 
a Cartesian [‘(*-plane, the image of the strip 0 <n, <hi (or 06 n2 <h,) 
will be a strip along the (l-axis in which 0 < t2 <hi (or 0 < t2 <A*). We 
denote by I, (or 12) a closed interval on the <‘-axis and by C(Z, ) (or C(Z,) 
a rectangular domain {‘EZ, (or <‘EZ~) and O<<*<fi, (or O<<*G~~) 
409/142/l-13 
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where 6, < h, (or 6, < h,). We also denote the inverse images of I, (or I,) 
and C(Z,) (or C(Z,)) in the x1x2-plane by the same symbols. In what 
follows, let y = (y’, y’) be a point on I, (or Z2) and let its image on the 
(‘-axis be rl= (v]‘, 0). Let x = (x’, x2) be a point in the domain C(Z,) (or 
C(Z,)) and its image in the 5’t2-plane be 4 = (c’, t2). 
Note that the diagrams of these coordinates are similar to those obtained 
in Section 3 of [S] and are omitted here. 
If rXY is the distance between the points x and y and if p5,, is the distance 
between the points 5 and q, then the relation r& = pi,, + @(k, q) holds true 
with @(g, n) = O(pz,) when ps,, -+ 0. In this case the local expansions of the 
functions 
(5.1) 
when the distance between x and y is small, are similar to those derived in 
Sections 4, 5 of [S]. 
Consequently, for small/large impedances y, , y2 the local behaviour of 
the functions 
K,,(Y’, Y 1, K,,(Y’, Y L (5.2) 
K,~(Y’, Y)> *K,$Y’, Y), (5.3) 
and 
K,;~Y’, Y), *K,;~(Y’, Y L (5.4) 
when the distance between y and y’ is small, follows directly from a 
knowledge of the local expansions of the functions (5.1). 
DEFINITION 1. If ti, g2 are points in the upper half-plane t2 > 0, then 
we define 
An e”(ti, k2; s)-function is defined for points 5, and k2 belonging to a 
sufficiently small domain C(Z,)(or C(Z,)) except when k1 = k2 E I, (or I,), 
and A is called the degree of this function. For every positive integer n it 
has an expansion 
e”(51>52;4=~* f(5:)(5:YL(5:Y (&)‘(&)” KM,,) 
+W5*,52;J), 
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where C* denotes a sum of a finite number of terms in which f(l:) is an 
infinitely differentiable function. In this expansion p,, pz, f, and m are 
integers, wherep,LO,p,zO, ZZO, A=min(p,+p,-q), q=l+m, and the 
minimum is taken over all terms which occur in the summation C*. The 
remainder R”(g,, k2; s) has continuous derivatives of order k 5,4 satisfying 
DW(~,, i&; s) = O(s-“e-Asfi’2) as s-+co, 
where A = constant > 0. Note that the present definition of e”-functions 
differs from Pleijel [3] in the inclusion of the term (a/a<*)“‘. In Pleijel, 
a/&, n = <* denotes the inward-drawn unit normal to the whole boundary 
aD, while in the present paper a/an,, n, = <* (or a/an,, n2 = t*) denotes the 
inward drawn unit normal to the part rl of aD (or the part f, of JD), 
respectively. 
Therefore, on using methods similar to those obtained in Sections 6-10 
of [S], we can show that the functions (5.1) are e”-functions with degrees 
A= 0, - 1, - 1, respectively. Consequently, for small impedances yl, y2 the 
functions (5.2) are e”-functions with degrees 1= 0, 0, respectively, and for 
large impedances y2, y1 the functions (5.3) are e’-functions with degrees 
1* = 0, 1, while the functions (5.4) are e”-functions with degrees A = 0, 0, 
respectively. 
DEFINITION 2. If x1, x2 are points in a large domain D + rl (or 
D+r2), then we define i,2=minY(rX,y+~X2Y), y~rr or fir,= 
miny(hy + TXIY)’ YE r2. 
An E’(x,, x,; s)-function is defined and infinitely differentiable with 
respect o x1 and x, when these points belong to a large domain D + rl (or 
D+ r,) except when x I =x2 E r, (or r,). Thus, the E’-function has a 
similar local expansion of the e’-function. 
By the help of Sections 8, 9 in [S], it is easily seen that formula (4.10) 
is an E”(x, , x1 ; $)-function and consequently 
G(x,, x,; s*) = 0{ [ 1 + llog si,,]] epAsP’* + [ 1 + [log ski,,]] e-BSRL2}, (5.5) 
which is valid for s + cc and for small impedances y, , yz, where A, B are 
positive constants. Thus the convergence of (4.8) follows. Similar 
statements are true in Cases 2, 3,4, as can be seen from the investigation 
of (4.15) and (4.20). 
With reference to Section 10 in [S], if the e”-expansions of the functions 
(5.1k(5.4) are introduced into (4.10), (4.15), (4.20) and if we use formulae 
similar to (6.4), (6.9) of Section 6 in [S], we obtain the following local 
behaviour of the regular part x(x1, x, ; s2) when F,, (or li,, ) is small which 
is valid for s + co and for small/large impedances yL, y2 : 
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Case 1. (O<y,, y2Gl). 
x(x,~x*;~2)=x~(x,,x,;.~2)+~2(x,,x2;s2), (5.6) 
where, if x,, x2 belong to a sufficiently small domain C(Z,), then 
~,(x,,x2;s’)=+, (~)-‘]KO(SP12)+~(s~le-h/l:), (5.7) 
while, if x,, x2 belong to a sufficiently small domain C(Z,), then 
Case 2. (O<y, < 1, y2$ 1). In this case f(x,, x2;s2) has the form (5.6), 
where if xi, x2 belong to a sufficiently small domain C(Z,), then 
jji(x,, x2;.?) has the same form (5.7) while if x,, x2 belong to a suf- 
ficiently small domain C(Z,), then 
+ q-1 e-m12), (5.9) 
Case 3. (y, B 1, 0 < y2 6 1). In this case x(x1, x2; s2) has the form (5.6), 
where if xi, x2 belong to a sufficiently small domain C(Z,), then 
while, if xi, x2 belong to a sufficiently small domain C(Z,), then 
X2(x1, x2; s2) has the same form (5.8). 
Case 4. (yi, y2$ 1). In this case x(x,, x2; s2) has the form (5.6), where 
if x, , x2 belong to a sufficiently small domain C(Z, ), then X1(x ,, x2 ; s2) has 
the same form (5.10), while if x, , x2 belong to a sufficiently small domain 
C(Z,), then X2(x,, x2; s2) has the same form (5.9). 
When ii, 2 6, > 0 (or A,, z 6, > 0), the function x(x,, x2; s2) is of order 
O(e-“), c > 0. Thus, since lim i,,/fi,, = 1 (or lim k,,/p,, = 1) when F,, (or 
&,,) tends to zero, we have the following asymptotic formulae for s -+ cc 
and for small/large impedances y, , y2 : 
Case 1. (0 < y, , y2 6 1). In this case, if x, , x2 belong to a large domain 
D+Z,, then 
~,(x,,x2;s2)=~(l-y,(~)~~‘]K,,(si,2)+O(s~1e~””’), (5.11) 
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while, if x, , x2 belong to a large domain D + r,, then 
fi(x,,x,;s’)=~[l-r2(~)-‘]~~(sR,,)+O(s-’e-~~~~~). (5.12) 
Case 2. (0 < y, < 1, y2 $ 1). In this case, if x, , x2 belong to a large 
domain D+r,, then j,(x,,xz;s2) has the same form (5.11) while, if 
x, , x2 belong to a large domain D + r,, then 
j2(x,,x2;s2)= -~[l-y~‘(~)]K,lrl,,)+O(s~leai41). (5.13) 
Case 3. (y, % 1, O<y,< 1). In this case, if x,, x2 belong to a large 
domain D + r2, then X2(x,, x,; s2) has the same form (5.12), while, if 
x, , x2 belong to a large domain D + f, , then 
Case 4. (y,, y2 % 1). In this case, if x,, x2 belong to a large domain 
D+r,, then X,(x,, x2; s*) has the same form (5.14), while if x,, x2 belong 
to a large domain D+f,, then X2(x,, x,; s2) has the same form (5.13). 
6. THE ASYMPTOTIC EXPANSION OF Q(r) 
Since for r2 3 h, > 0 (or t2 > h, > 0), the function X,(X, x; s2) is of order 
qe --Ash, ) while the function X2(x, x; s2) is of order O(e-2B”h2), the integral 
over the domain D of j( x, x ; s2) (see (3.12)) can be approximated in the 
following way : 
Rs2) = J<t’=o It:‘&x,(x, x; s2)Cl -45’) t’l &’ dt2 
+ qe --Ash1 + e -2%). (6.1) 
If the e”-expansions of j, (x, x ; s2) and X2(x, x ; s2) are introduced into (6.1) 
and if we use Formula ( 11.3) of Section 11 in [S] first for h, and second 
for hZ, we deduce after some reduction that 
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Case 1. If y,,y210, 
where 
L,+L, 
aI =8, a2=i-&blLl +y2L2). 
Case 2. If y, JO, Y2f co, 
R(s2)=T+$+O($)+O($) as s+co, 
where 
Case 3. If ylf co, y2J0, 
K(s2)=~+$+O($)+O($) as s--+00, 
This case can be deduced from the previous one with the interchanges 
yl-y2, L1+-+L2, and r,++r2. 
Case 4. If yl, y2t co, 
iY(S2)=~+$+O($)+O(~) as s-+co, 
where 
1 
L,+L2+yI’ 
1 
a,= -8 a,=-. 6 
Finally, on inverting Laplace transforms and using (3.7), we arrive at our 
results (2.1)-( 2.4), respectively. 
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